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TEST OF THE ELLIS-JAFFE SUM RULE USING
PARAMETRIZATION OF THE MEASURED
LEPTON-PROTON ASYMMETRY

A.P.Nagaitsev*, V.G.Krivokhijine*, 1.A.Savin, G.I.Smirnov

It is shown that the values of the first moment of 87(x) calculated from simultaneous fits

of the SMC and E143 data on the asymmetries A’l’ (x) are below the Ellis-Jaffe prediction by
more than 7g.
The investigation has been performed at the Laboratory of Particle Physics, JINR.

Ilposepka mpasuaa cymm Dmumnca-Ixapde ¢ wucnoanzoBammem
NapaMeTpH3aLMN JaHHBIX MO JENTOH-IIPOTOHHOM aCHMMETPHH

A.IlL.Hazaiiyes u dp.

Hoxasaﬂo YTO BEHYHHBI MEPBOrO MOMEHTA OT glp (x) BRIYHCIICHHBIE U3 OXHOBPEMEHHOMK

annpokcuMattid SMC u E 143 ganusix no aCHMMETpHH A”(x) HAXOMATCH HHXKE NPEACKa3aHHit

Tpasuna cymm Binnca-Ixade Sonee uem Ha 7o.
Pafora BenonkeHa B Jlaboparopuu ceepxBricokux aHepruii OUSAH.

1.Introduction

It has been found from the measurements of the spin-dependent structure function
(x) of the proton by the SMC [1] and E143 [2] that the value I“p, which is the first

moment of g]p(x), is below the Ellis-Jaffe sum rule prediction. We quote in detaial the
results of Refs. [1], [2], because they are important for our discussion.
1.1. SMC. The result for the first moment of 8 P(x) at {Q ) =10 GeV? is

1

r?= | g/ (x)dx = 0.136 % 0.011 (stat.) + 0.011 (syst.). %))
0
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The integral over the measured x range is

0.7

| gPax =0.131 £ 0011 £ 0011, )
0.003

The values of integrals over unmeasured x regions are

0.003 1
| 8Pydx = 0.004 £ 0.002, | 8P@dx = 0.001 £ 0.001. 3)
4] 0.7

The corresponding Ellis-Jaffe prediction corrected for QCD effects [3] is:

TP =0.176 + 0.006. 4

SMC has evaluated gl’(x) from virtual photon-proton asymmetry A{’(x, Q2) averaged

over Q2 in each bin using the relation:

AP(x, 0%) FL(x, 0%
2x (1 + R(x, Q2)

gl(x) = = APFPx, 0. ©)
Al” (x.0 2) is assumed to be independent of Q 2 The unpolarized structure functions
F; (x, Q2) and R(x, Q2) were taken from parametrizations [4] and [5], respectively, for the

average (Q 2) =10 GeV? in the SMC kinematic region. The virtual photon-proton
asymmetry Al” is related to the measured muon-proton asymmetry A”:

4roSr=all ;
“OTi+GTT’ ©
2
A
Af =" - A7, M

where GN(GTT) is the cross section for the longitudinally polarized muons scattering on
protons polarized opposite (along) to the muon momentum, D and n are the kinematic

factors. SMC has shown in the separate experiment [6] that asymmetry Azp arising from the

interference between virtual photons with transverse and longitudinal polarizations is
compatible with zero within statistical errors. In addition, since coefficient 1 in the SMC

kinematic region is small, product nAz” can be neglected in Eq.(7). So, with this assumption

asymmetry A is directly proportional to the measured A P,
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AP
—D—.

Alp = (8)
1.2. E143. The result for the first moment of g’l’(x) at {Q 2) =3is
I“lp =0.127 £ 0.004(stat.) + 0.010(syst.). )
The integral over the measured range is
08
I g’l’(x) dx =0.120 + 0.004 £ 0.008. (10)
0.029
The values of integrals over unmeasured x regions are
0.029 : 1
j g’l’(x)dx=0.006i0.006, j g‘l’(x)dx=0.001 +0.001. an
0 0.8
The corresponding Ellis-Jaffe prediction corrected for QCD effects 3] is:
I“IP=O.16OiO.006. (12)

E143 has evaluated g’l’ from the measurements of A“ and A asymmetries for the scattering

of the longitudinally polarized electrons on the target polarized parallel and transverse to
the beam direction:

8.
—=D (A”-i-tan(G)/2)AJ_), (13)
Fy

where © is the electron scattering angle. This ratio is related to the virtual photon-proton
asymmetry A/

2

& L8
Al”=—1[;—72—2;, Y= > <<1 (14)
F F; \%

and with the same level of confidence as for SMC, we can neglect product yzgg/ F {’ and
obtain the same approximate relation as Eq.(5):

Alps (15)

EYEY

Calculating I"lp from gf/ F lp ; in E143 it was assumed that the last ratio is independent of

QZ. Such an assumption was justified by observing good agreement between SLAC and
SMC data taken at different Q2.
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The two experiments obtained I'?, which is below the Ellis-Jaffe sum rule prediction

by more than two standard deviations. These discrepancies could be caused by some
physics effects not taken into account by the Ellis-Jaffe model or due to imperfection of the
data and their analysis. Since in terms of standard deviations the difference between the
data and theory is not significant, it is worth-while to examine possible experimental

problems. One of them is a «nonsmoothness» in x behaviour of Alp present in both

experiments and which is difficult to explain by statistical errors. It might be produced by
possible incorrectable point-to-point systematic fluctuations. On the other hand, both

experiments did not take into account the theoretical prediction Alp(x= =1 while
exirapolating the data to the unmeasured region 0.7<x<1. These two observations
motivated our study of the changes in the I“‘p when the latter is calculated with the

constraint Alp (1) =1 and with smooth input Alp (x). Such an approach has been used in paper
{10] for discussions of the Bjorken sum rule tests.

2. Calculation of I‘l”

We calculate the first moment of g‘l’ as follows:
1) The x-dependence of Al” is parametrized by function Af(x) (the form of the function
will be discussed later) with some free parameters. As long as values Alp(x, Q2) and

g‘l’/ F f’ measured in SMC and E143 are independent of Qz, we can fit the data from two
experiments simultaneously.

2) This function A’ is used for calculations of g,(x) and its integral:

Fx, 0%

g0 =Ax P, P) ——
2x(1 +R(x, %)

=4, P, PYFP(x, 07, (16)
where we have used for Fz”(x,QZ) the NMC parametrization [4] and the SLAC

parametrization [S] for R(x, Q2) at given Qz. Then

1 1

r?=[g de= [ P, P, )FP() dx, (17)
0 0

where P], Pz,..‘ are parameters obtained from fit of the measured A{’(x)‘ The error of the

integral from Eq.(17) is calculated using errors of the parameters taken from the fits (see
Section 4).
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3. Parametrization of Alp

3.1. The Choice of Functions for Fitting. We have suggested that the form of the
parametrization functions should be the simplest one with the minimal number of

parameters. These functions must meet two requirements: A{’(O) =0 and Al”(l)= 1 taken

from theoretical predictions [7, 8]. Two functions have been chosen out of many:

P
A (x) =72 : (x+xP'), (18)

P
A =Py x, (19)
where P, P, are free parameters.
3.2. The Test of Agreement between SMC and E143 Data. To test the consistency of the

SMC data on Af and the E143 data on g}/ F¥, we have performed fits with functions from

Table 1. Separate fits of the SMC and E143 data using functions from Egs.(18), (19)

The form of function Experiment P, AP, P, AP, %/ d.o S
A); ) SMC 0.551 0.084 0.988 0.158 0.58
E143 0.625 0.038 1.100 0.054 143
e SMC 0.665 0.082 0.888 0.172 0.58
E143 0.747 0.032 1.043 0.060 1.38

Table 2. Test of the systematic shift between the SMC and E143 data

The value of P, Function ¥/ dof. P, AP, P, AP,

a) P, is free for E143 A{ ) 1.167 0.599 0.031 1.068 0.046
and

P, =1 for SMC ,4[2' [63) 1.123 0.732 0.025 1.016 0.043

b) P, is free fro SMC A!l' ) 1.227 0.560 0.016 1.004 0.087
and

P,=1 for E143 A’g(x) 1.126 0.725 0.012 1.005 0.087
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Eqs.(18), (19) for each experiment separately taking into account only statistical errors.
From the results of the fits which are shown in Table 1 we conclude that the data are
consistent because the values of parameters Pl and P, are the same within the errors.

Table 1 also shows that within the errors P2==1 to be expected if the theoretical

prediction Alp (1)=1 is valid. So, we can use P2 =1 unless there is a systematic shift be-

tween the SMC and E143 data. It was checked by fitting the data simultaneously for two
cases according to different assumptions on P,

1) P2 =1 for the SMC data and free for the E143 data;

2) P2 is free for the SMC data and P2 =1 for the E143 data.

Table 2 shows that within the errors P, =1 as expected if there is no systematic shift

between the data, which justifies the use P2 =1 for further fits.

3.3. The Results of Fitting. The experimental points for fits were taken either with
statistical errors only or with statistical and systematic errors combined.

Table 3 and Figures 1, 2 show the results of the fits of the SMC and E143 data taken
either separately or simultaneously (SMC+E143) by Eqs.(18), (19) assuming that P,=1

Table 3. Separate and simultaneous fits of the data on A, taken with:

a) the statistical errors only;
b) statistical and systematic errors combined linearly;
¢) statistical and systematic errors combined in quadratures

The form SMC E143 SMC+E143
of function
P, AP |\y¥dof| P AP, \y¥%dof| P AP, a¥dof

2) A(x) 0556 | 0044 | 0524 | 0561 | 0016 | 1509 | 0560 | 0015 | 1.192
b) 4,(x) 0562 | 0.067 | 0252 | 0569 | 0025 | 0673 | 0568 | 0.024 | 0537
o) #(x) 0559 | 0.050 | 0431 | 0569 | 0016 | 1.197 | 0565 | 0018 | 0950
a) AL(x) 0712 | 0036 | 0560 | 0726 | 0012 | 1344 | 0725 | 0011 | 1.092
b) 4(x) 0717 | 0054 | 0270 | 0730 | 0019 | 0596 | 0728 | 0018 | 0537
o) Ax) 0715 | 0041 | 0460 | 0728 | 0014 | 1059 | 0727 | 0013 | 0866
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Fig.1. The approximations of lepton-proton asymmetry measured by the SMC and E143. The
statistical errors are taken only

One can see that both fits yield consistent results for the free parameter P when the

same function is used. From x2 values we can conclude that the data from both experiments
are very well parametrized using the simplest functions with one free parameter. We cannot

make the choice between the two functions because values xz/ d.of. are rather good in both
cases. They are however worce for the E143 data indicating the presence of some
systematic point-to-point fluctuations. For example, the points at x=0.039, 0.079, 0.370,
0.416 and 0.666 (marked as dark points in Figs. 1c and 1d) give respectively 3.2, 5.9, 3.6,

5.6 and 3.2 units to x2 of the total 34.95 for 26 degrees of freedom. These contributions are

largely reduced if the systematic errors (compare xz/ dof. in Table 3) are taken into

account.
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Fig.2. The approximations of proton asymmetry for the (SMC+E143) data. The statistical errors
are taken only. The fits ¢) and d) were performed using functions with two free parameters

4. The First Moment of g’l’

The functions with parameters of Table 3 were used to calculate integrals from
Eq.(17). For the SMC and E143 data the structure functions F2 and R have been taken at

Q2 =10 and 3GeV? respectively. The integral I“lp for (SMC+E143) data has been
calculated using the parameters of the simultaneous fit (column (SMC+E143), Table 3) and
structure functions F, and R at Q2 =5 GeVZ. Uncertainties of the integrals were calculated
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Table 4. The values of integrals 'Y for the SMC data on 4, ((02) = 10 GeV 2) taken with:

a) statistical errors only;
b)statistical and systematic errors combined in quadratures

67

The form of A’ r! 0.7 0.003 1
function | &eyax | &war [ o
0.003 0. 0.7
a) A (%) 0.14240.013 0.13040.010 0.01040.003 0.0010+0.0004
b) 4,(x) 0.14120.015 0.129+0.011 0.0100.004 0.002020.0004
a) AL(x) 0.139£0.012 0.1310.010 0.006£0.002 0.002040.0004
b) 4x) 0.1380.013 0.130£0.011 0.0060.002 0.00200.0004

Table 5. The values of integrals I'/ for the E143 data on 4, ((0%) = 3 GeV 2) taken with:

a) statistical errors only;
b)statistical and systematic errors combined in quadratures

The form of A r’l" 08 0.029 1
function I &) dx J &i(x) dx I gix)ydx
0.029 0 08
2 A 0.1290.04 0.10640.002 0.02240.002 0.001040.0004
b) A 0.12740.004 0.105+0.002 0.02130.002 0.0010+0.0004
a) AL(x) 0.12540.003 0.1070.002 0.01620.001 0.002010.0004
b) Alx) 0.12420,003 0.10740.002 0.016£0.001 0.0010+0.0004

Table 6. The values of integrals F{’ for the SMC+E143 data on A (¢ 2-5 GeV 2) taken with:

a) statistical errors only;
b)statistical and systematic errors combined in quadratures

The form of A rll’ 08 0.003 1
function | &eyax | gwax | oy ax
0.003 0 08
2) Al(x) 0.133£0.004 0.12420.003 0.00840.001 0.0010+0.0004
b) A{ ®) 0.13240.004 0.12440.003 0.00740.001 0.0010+0.0003
2) A(x) 0.1280.003 0.12320.003 0.0400.003 0.0010£0.0003
b) 4®) 0.12840.004 0.12340.003 0.0040.001 0.0010£0.0003
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Fig.3. The comparison between theoretical predictions for 'Y and values obtained with the

proposed method and errors AI'Y estimated from statistical and systematic errors of the data
combined in quadratures

by shifting average value of the parameter P, by +/~ one standard deviation: (P,-AP)
and (Pl + APl). The results of calculations are presented in Tables 4—6. As it is seen from
Tables 4 and 5, the integrals over the entire region calculated by us coincide within the

errors with those from publications [1, 2].

We have also calculated the integrals for the measured and unmeasured x range to
compare our results with those from Refs. [1, 2]-(see Egs.(2), (3) and Egs. (10), (11)). The
integrals over the measured x range for the SMC data calculated by us and in Ref. [1] are
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the same, but extrapolation to x=0 is understimated in Ref. [1]. For the E143 data the
integrals over the measured region are overstimated in Ref. [2] while the extrapolation to
x=0 is largely underestimated. The results for the E143 measured region have smaller
errors than those in paper [2] due to obvious reasons related to substitution of the
experimental points by a smooth parametrization and additional constraints at x=0 and
x=1. We have also computed I', from the SMC and E143 data at a common value of

Q2 =5 GeV, by fitting simultaneously reevaluated values of &,(x). Reevaluation of 8,(x) has

been done in the same way as in [9]. The results are to be compared with the Ellis-Jaffe
prediction for I, at 5 GeV,, which is 0.171 £0.006 (see Figure 3). The comparison be-

tween theoretical predictions on I"lp and the values obtained with the proposed method are

also presented in Figure 3.

5. Discussion

1. It is shown that lepton-proton asymmetry from the SMC and E143 data fitted either
separately or simultaneously can be parametrized using the simplest functions with one free
parameter only. The SMC and E143 data are in agreement with the theoretical predictions

Al”(x= 0)=0, A{’ (x=1)=1. These constrains can be used in data parametrization.

2. The method to calculate I“lp from Eq.(10) using parametrization of asymmetry
Al”(x) is a natural generalization of the g‘l’(x) calculations from Eq.(5), when
parametrizations Fz"(x, Qz) and R(x, Q2) are used instead of experimental values. The
values bof Jg‘l’(x) dx calculated with this method for the entire x range are in agreement with
the published ones:

r? r?
published value  this paper

SMS data 0.136 £0.016 0.141+0.015
E143 data 0.127£0.011 0.127 £ 0.004

where the statistical and systematic errors are combined in quadratures.

3. The use of the parametrization of the measured asymmetries with physics constraints
at x=0 and x =1 can be helpful in revealing unaccounted systematic errors in the data. For
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example, the comparison of jg‘l’(x)dx over the measured x range with that of Ref. [2]

(E143) indicates that the last one is largely overestimated:
E143{2] This paper

0.8
| #@dr  0120£0009  0.105+0.003.
0.029

We explain larger value of the integral from Ref. [2] by pretty large fluctuations of some
data pionts at intermediate x. Due to the same reason the unconstrained fit (free P2) of the

E143 data yields Alp(x= 1) > 1 (see Figs. 2c, 2d).

4. The parametrization of the asymmetries with the constraints at the boundaries
provides a law for the extrapolations to the unmeasured low x and high x regions. This law
is suggested by the data themselves, which we consider as more justified than making
assumptions similar to those of Refs. [1, 2]. We find, for example, that E143 underestimates
the low x contribution to the integral:

E143 paper This paper
0.029
[ @wax  0.006£0.004  0.021£0.003.
0.0

This difference can serve as an argument to perform better measurements in the low x range
for the proper choice of the parametrization.

5. The F]” calculated from the parametrized asymmetries with the constraints at the

boundaries have smaller errors than those of Refs. [2, 9]. This indicates overestimation of
possible systematic errors in these papers which devaluates the results of the measurements
when compared to the Ellis-Jaffe predictions.

The proposed method allows one to demonstrate, that the conclusion of Ref. [2] that

F]” is more than two standard deviations velow the Ellis-Jaffe sum rule predictions is
dominated by systematic errors. The values of the first moment of g? calculated by the

proposed method from SMC and E143 data are also smaller than theoretical predictions, but

the significance of deviation from them is now larger. For example, the integrals I"lp

calculated from the fits of the SMC, E143 and (SMC+E143) data on Alp (taken with

statistical and systemaiic errors combuned in quadratures) are below the Ellis-Jaffe
predictions by 2.5, 10 and 90, respectively. These results can be considered as a clear proof
of the violation of the Ellis-Jaffe sum rule.
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6. The value of I“lp depends only slightly on the AJ; , parametrization and the present

accuracy of the data does not permit one to choose between them.

7. Concerning the shortcomings of the method it should be emphasized that the
calculation of the errors for I"lp can be improved using a more sophisticated procedure for
the treatment of experimental errors and their correlations. But we believe that this proce-
dure will not change substantially the above conclusions. Our belief is based on the com-
parison of the P, and AP, values given in Table 3. For the Table 3 (line b) results we have

taken each experimental point with the error equal to the linear sum of the statistical and
systematic errors, i.e., the upper limit of the possible error; using P, and AP, from these

fits for the estimations of the I"lp and AT’ lp we have found that difference between the

SMC+E143 data and the Ellis-Jaffe prediction will be 7.5 instead of 96 obtained in case
of more common treatment of errors.
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